Continuing the thrust of our recent work, but with an important new idea, we find a cut-off regularization of the determinant of a scalar particle in a classical Euclidean gravitational field. The field is assumed asymptotically flat, and the regularization is diffeomorphism-invariant under coordinate changes that are the identity at infinity. The scalar field is expanded in term of variables that depend on the gravitational field, with wavelet localization of each variable. A renormalization group structure is thus automatically present. A similar construction is carried out for the determinant of a scalar field in a background Yang-Mills field.
Introduction.
We hope this paper will be the first step towards a new formulation of quantum gravity!
In [1] a Euclidean version of the Yang-Mills field theory was studied. The field was expressed non-linearly in terms of the basic variables. Wavelets were used in the definition of these variables. A nice presentation of the use of wavelets for simple field theories (such as φ 4 theory in two and three dimensions) may be found in [2] . The goal of [1] and the present paper is to extend the ideas of [2] to theories with gauge symmetries, such as
Yang-Mills theory and gravity. It is not necessary to read [1] or [2] to understand the present paper, it is self-contained. But a consideration of [1] and [2] will suggest to the reader how the present work might be extended to a treatment of quantum gravity;
in the present paper the gravitational field is a classical background field. Traditional treatments of the scalar field determinant herein studied may be found in [3] . We hope the relationship to the traditional treatments will be further clarified in the future.
There is just one new idea in this paper beyond those exposed in [1] . It is the use of scattering operators to define the variables (as introduced in Subsection 2.3). But this idea is enough to allow us to treat the diffeomorphism groups much the same as we previously treated the Yang-Mills gauge group. In [1] each excitation was associated to a point to which it was it was "grounded". But the diffeomorphism group moves points around so that the same idea would be hard to extend to gravity. The use of scattering operators avoids selection of a point for each excitation. We apply this new idea to calculate the determinant of a scalar particle in a background field, Yang-Mills in Section 3, and gravity in Section 2. The program to extend the present work to treat quantum gravity will be certainly very complex, but the treatment of the Yang-Mills theory in [1] provides a rather detailed road map.
In the present work one derives our final formulae ((2.62) and (3.9)) by a number of formal developments. In (2.62) and (3.9) the matrix elements that appear are each diffeomorphism-invariant, gauge-invariant, respectively. The cut-off theories are defined by limiting the set of wavelets in the indexing of (2.62) and (3.9). Restricted to a finite set of wavelets (2.62) and (3.9) are mathematically well-defined invariant expressions.
The final task not here undertaken is to make sense of (2.62) and (3.9) in the limit that all wavelet indices are included (the cut-offs are removed). We have presented a well-defined, invariant, cut-off theory. Using wavelets means the cut-off theory is not euclidean-invariant, this invariance must be recovered in the limit. We sacrificed this for gauge invariance in the cut-off theory.
We close with a number of tentative insights that will guide our future work.
1) The treatment of the Yang-Mills theory in this paper using scattering operators, compared to the study in [1] using a gauge transformation to a radial axial gauge, is not as powerful. We feel for the Yang-Mills case the techniques in [1] are better.
2) The variables defined by using scattering operators are not as well localized as using the techniques in [1] , there are infra-red, or long distance effects. This is why we prefer the methods of [1] for the Yang-Mills case. These infra-red problems seem basic in gravity, and we only hope we will learn how to control them. But we do not know at present whether variables constructed as in the present work for quantum gravity are localized enough to generate a meaningful perturbation theory. The infra-red problems have their root in the denominators of the scattering operators (see (2.20), (2.21)). A possible infra-red cut-off procedure may be outlined as follows:
a) Set the space to be flat outside some bounded region.
b) Require the diffeomorphisms to be the identity in this region.
c) For expansion functions supported in this flat region (one will have to slightly modify the expansion functions to keep them from spilling into the nonflat region, making them of compact support) let Ω, the scattering operator, acting on them be the identity.
Further ideas are required to fully deal with the infra-red problem.
3) We do not know if Euclidean gravity makes sense physically. But it would be much more difficult to work in Minkowski space.
4) The most feared problem with quantum gravity is its nonrenormalizability. We wish to study whether any progress may be made with this difficulty by letting the coupling constant run as a power
This has formally somewhat the same effect as working with a higher derivative gravity theory. We would like to see if there are any other possibilities here than the usual higher derivative gravity theories (that have undesired spectral properties, ghosts in scattering amplitudes).
5) The final formulas for determinants, equations (2.62) and (3.9), may both be easily reexpressed in terms of S matrix elements (for scattering in 4 + 1 dimensions).
2 Scalar Particle in Gravitational Field.
Preliminary Definitions.
We work in a four-dimensional Euclidean space (but nothing we do depends crucially on the dimension) where the metric is asymptotically flat.
φ(x) is a real scalar field, whose Lagrangian is
The action is given as
The field equation is then
where
The action may also be written as
We likewise need ∆ 0 , the flat Laplacian
We define
The formal field theory may originally be presented as follows. The field φ(x) is expanded in a weighted wavelet basis:
where we let ψ i be an orthonormal set of real wavelets on R 4 (see [1] for definition of wavelets)
and
An expectation of a function of the φ ′ s, p, is defined as
is also viewable as Z, the partition function.) N is a functional of the gravitational field added to make the measure
We use the fact that the inner product
is diffeomorphism-invariant to deduce that with N given by the highly formal determinant
(2.16) becomes formally diffeomorphism-invariant. We note that our formal construction of the field theory for φ can be carried out for any basis set, u i , they need not be defined in terms of wavelets. The somewhat mysterious factor, N, here introduced, will be later seen to make a crucial contribution to the diffeomorphism-invariance of the well-defined cut-off theory to be presented.
The Change of Variables (Basis).
We change variables from the α i to the set β i where
The w i (x) will be functionals of the gravitational field. To define these new basis functions we first define some scattering operators. The familiar scattering operators Ω ± are defined by More generally we could have used
Ω has the property that applied to a real function it yields a real function, and this is why we use Ω instead of Ω + or Ω − . Ω is studied further in the next subsection.
w i is now defined as
so if
To find an expression for the Jacobian of the coordinate change from the α's to the β's, we define
From (2.19) there follows
The Jacobian is now given as IV) We consider diffeomorphisms (or coordinate changes) that are the identity at infinity. We let G be a coordinate transformation whose corresponding action on fields is given by T G .
The action on the gravitational and scalar fields is decribed by
The operators Ω depend on the gravitational field,Ω = Ω(g µν ), and we study how these operators are changed by a coordinate transformation.
The operator H of (2.8) has a similar transformation
(2.35) Equation (2.34) follows from the fact that it holds for each of Ω + and Ω − separately. We look at this equation for Ω +
This last equation follows since T G is the identity at infinity and e itH 0 f lives at infinity as t → ∞. (2.37) now becomes
using (2.35). This gives equation (2.34).
One may note the argument we have just given may be replaced by the observation that a scattering solution with only outward scattered waves at infinity becomes a scattering solution with only outward scattered waves at infinity under a coordinate transformation that is the identity at infinity.
2.5. The Determinant.
If we express the action S in terms of the new variables, β i , using (2.19), (2.24), (2.6)-(2.9) and (2.31), we get
We set
We note the dramatic fact that each element of M ij is diffeomorphism-invariant! Returning to (2.15) with the change of variables from the α i to β i we see
N from (2.18) and R from (2.29) . We use ideas from [1] (equations (4.24) through (4.37)) to find an expression for NR that is rigorously diffeomorphism-invariant. We first make the replacement
The two determinants, both very formal, differ by a numerical factor, due to a change of basis from the u i to the ψ i , that is indepedent of gravitational field. We consider 
At this point we have for Z
N of course was crucial in getting a diffeomorphism-invariant expression for NR(0). We now will find an invariant expression for the remaining ratio,
. For any matrix D ij (near the identity) we write
We then have
We follow the development in [1] . and easily evaluate the derivatives in (2.58) using (2.59)-(2.60) (and neglecting again a gravitational field independent factor)
Scalar Particle in a Yang-Mills Field
We parallel the previous section, for an n-tuple of real scalar fields coupled to a Euclidean classical Yang-Mills field, that is asymptotically zero. (If a theory is originally presented using complex fields it is to be rewritten using real fields.) Then A µ is taken as real anti-hermitian and satisfies
Gauge transformations will be restricted to satisfy the condition that at infinity they are the identity.
3)
The equation satisfied by φ is Matrix columns and rows are double indexed, the pair i, a labels the wavelet and "color" of the scalar.
